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Abstract

We present results that describe the mechanical response of highly compliant substrates coated with ultra-thin stiff
films, with thickness and elastic moduli differences spanning four orders of magnitude. Dimensional analysis based on
shear-lag models of cracked films is used to identify key parameters that control the effective elastic properties of the
cracked multi-layer, crack opening displacements, and the steady-state energy release rate for channeling crack forma-
tion. Analytical forms that describe multi-layer response in terms of film properties and crack spacing are presented and
corroborated with numerical models for linear elastic materials. A key result is that the energy release rate scales with 1/
(1 � a), where a is one of the Dundurs� parameters describing elastic mismatch. The results can also be used to evaluate
the performance of electrostrictive actuators comprised of cracked blanket electrodes and elastomer dielectrics. In this
scenario, an interesting result is that ultra-thin cracked films can continue to distribute charge, since crack openings may
be small enough to allow breakdown in air at typical operating voltages.
� 2005 Published by Elsevier Ltd.
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1. Introduction

Highly compliant multi-layers are increasingly prevalent, particularly in electrostrictive polymer actua-
tors designed to exploit the compliance and near incompressibility of the substrate to achieve large strains
(e.g. Pelrine et al., 1998, 2000). Fig. 1a shows a schematic illustration of such a device, which is comprised of
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Fig. 1. (a) Schematic illustration of an electrostrictive actuator comprised of a highly compliant material (dielectric) sandwiched
between conductive layers (electrodes). (b) Illustration of the cracked multilayer geometry under consideration.
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a compliant thick layer sandwiched between stiff, thin conductive layers. An electric field applied across the
layers causes attraction between the electrodes and generates an electrostatic pressure that squeezes the
middle layer and lengthens the film.
The in-plane strain that is developed is a function of the strength of the electric field, the dimensions of

the electrodes and dielectric, and critically the effective in-plane modulus of the multi-layer. The function of
the conductive layers is purely to hold charge; ideally, the electrodes should be as compliant as possible so
as to not limit the actuation strain. This implies that ultra-thin films with low stiffness are desirable for use
as the electrode. Micro-patterning of the conductive layers is one effective approach to reduce the stiffness
of conductive metal layers (Pelrine et al., 1998).
Alternatively, cracking of a blanket layer (which is far easier to fabricate) can reduce the effective

in-plane modulus of the multi-layer. In this case, one must consider charge distribution across the cracked
electrode. The key factor is the size of the crack opening. For sufficiently small crack openings, dielectric
breakdown of the air in the cracks occurs and conduction functionality is maintained, as shown schemati-
cally in Fig. 1a. It should be emphasized that this occurs only at relatively small in-plane strains (less than
about 10%); for sufficiently large in-plane strains, the cracked layer will not be capable of distributing
charge. As such, the cracked electrode concept is applicable to scenarios where relatively small actuation
strains are useful, such as controlling the transverse stiffness of a freestanding membrane. This is discussed
in detail in Section 5.
In addition to scenarios where cracking can enhance performance, the mechanical response of cracking

in thin brittle films bonded to highly compliant substrates is relevant to film toughness measurements. The
film toughness can be determined by the measuring the saturation crack spacing and relating it to the
energy release rate for a periodic array of cracks (e.g. Thouless, 1990; Delannay and Warren, 1991;
Hutchinson and Suo, 1992; Nahta and Moran, 1995). For very tough (or very thin films), residual stresses
created during deposition on stiff substrates (e.g. silicon or metal) may not be large enough to crack the
film. Moreover, brittle substrates may crack before mechanical loading of the multi-layer generates suffi-
cient film stress. In contrast, large stresses can be induced in films on highly compliant layers via mechanical
loading, without substrate failure.
In this paper, we model the mechanical response of cracked multi-layers with highly compliant sub-

strates, as shown in Fig. 1b. For simplicity and the sake of comparison with previous results on film crack-
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ing, we consider the plane-strain response of the cracked multi-layer with ez = 0. Three key results are
presented:

(i) A description of the stress–strain response of the multi-layer in terms of elastic properties, crack spac-
ing and film thickness; this will provide critical input to models of electro-mechanical actuator
performance.

(ii) Relationships between crack openings, applied stress, elastic properties, crack spacing and film thick-
ness; these can be used to estimate critical loading parameters that determine when electrical function-
ality is lost.

(iii) Relationships between applied stress, elastic properties, crack spacing and film thickness, and the
steady-state energy release rate governing the formation of channel cracks.

As one would expect, there is a vast amount of previous work on the mechanics of cracked multi-layers,
both with regards to the formation of channeling cracks (e.g. Thouless, 1990; Delannay and Warren, 1991;
Hutchinson and Suo, 1992; Nahta and Moran, 1995) and the overall constitutive response (e.g. McCartney
et al., 2000). The principle difference between previous analyses and those presented here is on the severity
of the elastic mismatch between the substrate and film. This mismatch has a profound effect on crack open-
ing displacements; as will be illustrated, previous results cannot be extrapolated to the present regime with-
out the analyses considered here.
It has been well established for linear elastic materials that the two dimensionless Dundurs� parameters

for the film/substrate multi-layer fully describe the role of elastic properties:
a ¼ Ef � Es
Ef þ Es

; ð1aÞ
where Es ¼ Es=ð1� v2s Þ and Ef ¼ Ef=ð1� v2s Þ are the plane-strain moduli of the substrate and film, respec-
tively, and
b ¼ Efð1þ vsÞð1� 2vsÞ � Esð1þ vfÞð1� 2vfÞ
Efð1þ vsÞð1� vsÞ þ Esð1þ vfÞð1� vfÞ

. ð1bÞ
For metals or polymer films on elastomer substrates, the modulus mismatch is on the order of
Ef � ð102–105ÞEs, which in turn implies a = 1 � g, where g � 10�2–10�5. Previous works have considered
mismatch only as large as a = 0.99 (Beuth, 1992; Huang et al., 2003). As will be shown, the steady-state
energy release rate for the formation of channeling cracks scales with 1/(1 � a), indicating that new solu-
tions are needed for larger a values, despite seemingly negligible differences when a � 1. For such material
combinations and when the substrate is nearly incompressible (i.e. vs! 1/2), b is typically <�0.02.
The limit where a ! 1 has important implications with regards to the role of multi-layer geometry. As

will be demonstrated, an important dimensionless parameter that influences the mechanical response of the
multi-layer is
S ¼ hfEf
hsEs

. ð2Þ
This parameter indicates the relative stiffness contributions of the two layers to the overall stiffness of the
multi-layer. Most previous studies of film cracking have considered scenarios with semi-infinite substrates,
implying that S! 0 (e.g. Thouless, 1990; Delannay and Warren, 1991; Beuth, 1992; Hutchinson and Suo,
1992). Those that have considered finite thickness substrates have not considered the mechanical response
of the cracked multi-layer (e.g. Nahta and Moran, 1995) and/or the extremely large mismatch considered
here (e.g. Nahta and Moran, 1995; McCartney et al., 2000). The fact that the modulus ratio is so large
implies that seemingly negligible film thickness (or conversely, seemingly semi-infinite substrates) can still
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have a significant impact on the overall mechanical response. For example, a 1 nm thick gold film on top of
an elastomer 105 nm thick yields S � 10, indicating the 1 nm thick film dominates the mechanical response.
Another important consideration when elastic mismatch is severe concerns the interaction between indi-

vidual cracks in a periodic array. A more moderate mismatch implies that individual cracks in a periodic
array have a negligible influence on their neighbors when the crack spacing exceeds the film thickness by
about two orders of magnitude. In the present scenario, crack interaction is strongly influenced by the crack
spacing relative to the substrate thickness. Crack interaction is important for crack spacing that is several
orders of magnitude larger than the film thickness.
Despite the fact that the motivation is principally metal and polymer films on elastomers, we model

both materials as linear elastic. It is likely that including non-linear elastic behavior—more appropriate
for elastomers—will modify the present results, even at small-applied stress, because of the large
strains experienced at the crack tip(s). However, the principal motivation here is to determine critical
non-dimensional parameters that capture the role of film thickness and elastic mismatch.
2. Key dimensionless parameters and functional forms

This section presents a shear-lag model (e.g. Hutchinson and Jensen, 1990; Beuth and Klingbeil, 1996)
for the film that yields dimensionless parameters that control the effective modulus of the cracked multi-
layer, crack opening, and energy release rates. The analysis yields simple functional forms that can be used
to describe the mechanical response in terms of the layer thickness, elastic properties and crack spacing. The
model is based on the assumption that the film thickness is much smaller than the substrate, such that shear
transfer between the matrix and film is confined to a small region along the interface and near the crack.
Fig. 2 provides a schematic illustration of the model, which includes two regions: (i) a shear transfer region
where the film stresses increase from zero at the crack,1 and (ii) a region of intact response where strain is
uniform.
The analysis is valid for a two layer system confined from bending, or the symmetric three layer system

shown in Fig. 1b, subjected to a uniform displacement condition in the x-direction at the outer boundaries.
This model can be thought of as either a single crack in a substrate of width L, or a periodic array of cracks
with spacing 2L. A simple one-dimensional shear-lag analysis yields the stress, strain and displacement dis-
tributions in the x-direction.

2.1. Mechanical response of multi-layers with cracked films

The analysis assumes that the deformation in the multi-layer is uniform in the y-direction and zero in the
z-direction, such that only the x-direction must be considered. Equilibrium in the x-direction implies
1 Th
1990),
ĥfrfðxÞ þ ĥsrsðxÞ ¼ r; ð3Þ

where ĥf ¼ hf=ðhf þ hsÞ, ĥs ¼ hs=ðhf þ hsÞ and P is the force per unit width applied to the multi-layer, such
that r = P/(hf + hs) is the average stress acting on the multi-layer. If the multi-layer is intact, the stress–
strain relationship is given by
r ¼ ĥfEf þ ĥsEs
h i

e ¼ E0e; ð4Þ
where E0 is the effective plane strain modulus of the intact multi-layer, and e is the macroscopic strain.
is region corresponds to the portion of the interface that has slipped in frictional sliding analyses (e.g. Hutchinson and Jensen,
or yielding when the substrate is elastic–plastic (e.g. Beuth and Klingbeil, 1996).
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Fig. 2. Schematic diagram of the shear-lag model used to identify key dimensionless parameters; the model has fixed displacements in
the vertical direction along the bottom edge, and symmetry implies the results are valid for the three-layer system shown in Fig. 1.
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A shear-lag analysis assumes that the direct stress is uniform through the thickness, and the shear
stress varies linearly from that at the interface to zero at the top surface of the film. In the shear transfer
region, equilibrium implies that the direct stress in the film is equal to the integral of the shear stress
along the interface. Here, we assume that the shear traction along the bimaterial interface is an unknown
function that scales with the average remote stress, r. The exact form of this function is not known, and
as will be demonstrated, it is not important to the present analysis. The stress in the film can then be
written as
rfðxÞ ¼
Z x

0

sð~xÞ
hf
d~x ¼ r

hf

Z x

0

f ð~xÞd~x ¼ r 	 l
hf

/0ð�xÞ; ð5Þ
where �x ¼ x=l and f(x) and /0ð�xÞ are dimensionless functions. l is the shear transfer length, defined as the
distance from the crack tip at which the strain in the film and substrate are equal. Eq. (3) can be used to
write a similar result for the stress in the substrate:
rsð�xÞ ¼
r

ĥs
� ĥf

ĥs

r 	 l
hf

/0ð�xÞ. ð6Þ
The shear transfer length is determined by the requirement that the strains in the film and matrix are equal
at x = l, and governed by the average stress at the outer boundary. This implies
esð�x ¼ 1Þ ¼ efð�x ¼ 1Þ ¼
r

E0
. ð7Þ
After dividing Eqs. (5) and (6) by the appropriate moduli and simplifying, one obtains
l ¼ 1

/0ð1Þ
hfEf
E0

; ð8Þ
where / 0(1) is a dimensionless constant. The strain of the cracked section (of width L) is then defined in
terms of the total displacement of the left boundary (see Fig. 2):
e ¼ uxðx ¼ LÞ
L

¼ 1
L

ðL� lÞ r

E0
þ usðx ¼ lÞ

� �
; ð9Þ
where us(x = l) is the displacement of the substrate at the edge of the shear transfer region. Dividing Eq. (6)
by the substrate modulus and integrating yields the following:
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usð�xÞ ¼
r 	 l
Esĥs

�x� ĥf
ĥs

r 	 l2

Eshf

Z �x

0

/0ð~xÞd~x ¼ r 	 l
Esĥs

�x� ĥf
ĥs

r 	 l2

Eshf
/ð�xÞ; ð10Þ
where once again the shear transfer length has been used to normalize the integral, such that /ð�xÞ is dimen-
sionless. Combining Eqs. (8)–(10) and performing algebraic gymnastics produces the final result:
e ¼ r

E0
1þ c

hfEf
LEs

� �
ĥfEf
ĥsE0

 !" #
; ð11Þ
where the constant c is given by
c ¼ 1

/0ð1Þ 1� /ð1Þ
/0ð1Þ

� �
. ð12Þ
An alternative way of interpreting Eq. (11) is to consider the effective modulus of the cracked multi-
layer, defined via r ¼ Ece; this is given by
Ec

E0
¼ 1þ c

hfEf
LEs

� �
ĥfEf
ĥsE0

 !" #�1
. ð13Þ
For thin films where hf� hs and compliant substrates where Es � Ef , ĥfEf ffi ĥsE0, such that the second
dimensionless quantity is approximately unity. Eq. (13) represents a key result, as it completely captures
the influence of thickness, elastic properties and crack spacing on the effective modulus of the cracked
multi-layer.
For high crack densities (small crack spacing), the shear transfer zones from adjacent cracks overlap,

and the shear transfer length, l, is equal to the crack spacing, L. Setting them equal to one another and
repeating the analysis, Eq. (6) yields following:
Ec

Esĥs
¼ 1� /0

1ð1Þ
L
hs

� �� ��1
¼ 1þ /0

1ð1Þ
L
hs

� �
þO L

hs

� �2" #
. ð14Þ
Note that here the effective modulus of the cracked multi-layer is normalized in terms of the effective mod-
ulus of just the substrate. It should be emphasized that this analysis is based on the assumption that the
interface shear stress scales with the average stress (r) at x = L. This is merely an approximation, since
the strain in the film and substrate at this location are not necessarily equal, as they are when the edge
of the shear-lag zone terminates at x < L. This is discussed further in Section 4.1.

2.2. Crack openings and channeling crack formation

The steady-state energy release rate controlling the formation of the channeling cracks is given by (e.g.
Beuth, 1992)
Gss ¼
1

hf

Z hf

0

rifdðyÞdy; ð15Þ
where rif is the stress in the intact film prior to cracking (ahead of the crack), and d(y) is the total crack
opening displacement of the crack (in the wake of the crack).
The shear-lag model for the previous section can again be used to determine the dimensionless para-

meters controlling the energy release rate. We assume that the crack opening is approximately constant
through the thickness of the film, as is typical in shear-lag analyses. The crack face displacement is equal
to substrate displacement at the edge of the shear transfer zone minus the displacement of the crack face
(measured relative to edge of the shear transfer zone):
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d ¼ 2ðusðlÞ � ufðlÞÞ. ð16Þ

The displacement in the film can be calculated from Eq. (5) (by converting to strain and integrating), while
that of the substrate is found via Eq. (10). Using these results, the crack opening displacement becomes
d ¼ chf
Ef
Es

� �
Ec

E0

� �
e; ð17Þ
where c is again given by Eq. (12), e is the total strain in the multi-layer (e = ux(x = L)/L). The crack open-
ing can be conveniently expressed in terms the crack spacing using Eq. (11).
The stress in the intact film (prior to cracking) can be expressed as rif ¼ Efe. Using Eqs. (15)–(18), the

energy release rate is given by
G0 ¼ c
Ef
Es

� �
Ec

E0

� �
Efe2hf ¼

c Ef
Es

� 

Efe2hf

1þ c hfEf
LEs

� 

ĥfEf
ĥsE0

� 
h i . ð18Þ
Note that this result corresponds to result for simultaneous cracking of an array of cracks. For sequential
cracking scenarios (i.e. the driving force for an array of cracks growing between previously existing cracks,
as encountered in crack saturation experiments), the analysis must be modified according to the procedure
outlined by Begley et al. (2005).
For comparisons with previous studies, it is interesting to note that for large elastic mismatch,

Ef=Es ¼ ð1� aÞ=2þO½ð1� aÞ2�, such that for a � 1:
G0 ¼
2c
1� a

� �
EcEfe2hf

E0
. ð19Þ
Thus, small deviations from a � 1 lead to dramatic differences in energy release rates. In the limit of a rigid
film on top of an elastic substrate, the energy release rate becomes unbounded.
Although not directly illustrated in this paper, it is interesting to note that the asymptotic crack tip fields

dominate behavior near the crack tip in a highly localized region that is much smaller than the film thick-
ness. This is most easily shown by considering the asymptotic crack opening displacements. Asymptotic
analysis reveals that the crack opening displacements near the tip scale as (for b = 0) (Zak and Williams,
1963; Cook and Erdogan, 1972):
dðrÞ / r 	 hf
Ef

ffiffiffiffiffiffiffiffiffiffiffi
1� a

p r
hf

� �0.88 ffiffiffiffiffiffi1�a
p

. ð20Þ
If the crack tip fields dominated over a length scale comparable to the film thickness, then one would expect
G0 / 1=

ffiffiffiffiffiffiffiffiffiffiffi
1� a

p
. As will be illustrated, this is clearly not the case, indicating that non-singular terms arising

in asymptotic stress analysis play an important role in channeling crack formation.
3. Computational models

Finite element models of the crack layers were constructed using the commercial code ABAQUS. The
symmetry plane of the crack is constrained in the x-direction and free to displace in the y-direction.
A uniform x-displacement, ux is enforced on the outer boundary, such that e = ux(x = L)/L; this appro-
priately enforces periodicity for an array of cracks. The left vertical boundary is free to displace in the
y-direction. The bottom of model is constrained in the y-direction and free to move in the x-direction.
The meshing strategy is outlined in (Begley and Begley, 2003), which provides examples of the resulting

mesh pattern. A focused radial fan mesh is included at the crack tip with a graded element distribution
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towards the outer boundaries. Eight-noded plane strain quadrilaterals with reduced integration were used.
The mesh consisted of 40 elements around the circumference of the crack tip, with 25 elements along an arc
in the fan region. The number of elements between the focused region and the outer boundary was 50. Con-
vergence studies have indicated this is more than sufficient to capture behavior near the crack tip singularity
and accurately compute energy release rates (Begley and Begley, 2003).
The average stress at the outer boundary, r, is computed by dividing the sum of the reaction forces gen-

erated at the outer boundary by the height of the model. The effective modulus of the cracked multi-layer
was computed as Ec ¼ r=e ¼ PL=ðuxðx ¼ LÞðhf þ hsÞÞ. The energy release rate can be calculated via Eq. (15),
by determining the stress in the film from an analysis of the intact multi-layer, and the crack opening dis-
placements from an analysis of a traction-free cracked section. This can be done by summing the product of
nodal reaction and nodal displacements (along the crack), from the intact and cracked analyses, respec-
tively. Alternatively, one can compute the steady-state energy release rate as G = D(S.E.)/hf, where
D(S.E.) is the change in total strain energy (throughout the entire model) from the intact to the cracked
analyses. This option is particularly convenient when using ABAQUS, which reports the total strain energy
of the model as an output.
4. Results

Examples of the layer properties for the cases reported are shown in Table 1. The substrate properties
and the first three cases are motivated by the multi-layers fabricated for electro-mechanical experiments
(Begley et al., 2005).

4.1. Effective modulus of the cracked multi-layer

Fig. 3 shows the effective modulus of the cracked multi-layer relative to the effective modulus of the in-
tact multi-layer, as a function of the normalized crack spacing. Eq. (11) is superimposed on the numerical
results, with the constant c � 0.2 determined via a least squares fit. For low to moderate crack densities, the
theoretical result for the effective modulus (with a single fitting parameter) is within 5% of the numerical
results. For high crack densities, however, Eq. (11) shows significant differences from the numerical results;
this is highlighted in the inset to Fig. 3. Note that the log-scale implies large differences. A comparison of

numerical and theoretical results reveals that Eq. (11) is valid for hfEf
LEs

� 

<� 25.

The high crack density regime is more clearly illustrated by plotting the effective modulus normalized by
the effective modulus of just the substrate, as shown in Fig. 4. The analytical form given as Eq. (14) reveals
that the effective modulus should only be a strong function of the crack spacing relative to substrate thick-
ness, and this is indeed the case. It is worth noting that for each case shown in Fig. 4, the crack spacing
Table 1
Examples of multi-layer properties for parameter studies

Case Film properties Substrate properties Multi-layer properties

hf Ef vf hs Es vs 1 � a b Efhf
Eshs

1 12.5 nm 110 GPa 0.35 63.5 lm 1.5 MPa 0.49 3.2 · 10�5 0.020 12.5
2 250 nm 110 GPa 0.35 63.5 lm 1.5 MPa 0.49 3.2 · 10�5 0.020 250
3 50 nm 91 GPa 0.39 63.5 lm 1.5 MPa 0.49 3.8 · 10�5 0.020 42.8
4 3 lm 4 GPa 0.40 63.5 lm 1.5 MPa 0.49 8.3 · 10�4 0.020 114
5 1 lm 4 GPa 0.40 63.5 lm 1.5 MPa 0.49 8.3 · 10�4 0.020 38
6 1 lm 330 MPa 0.40 63.5 lm 1.5 MPa 0.49 0.01 0.019 3.1



Fig. 3. Effective modulus of the cracked film/substrate as function of crack spacing.

Fig. 4. Effective modulus of the multi-layer relative to that of just the substrate for high crack densities, as function of crack spacing.
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exceeds the film thickness by more than three orders of magnitude. Also, it is important that despite rela-
tively large crack densities, the effective modulus of the multi-layer is still several times larger than that of
just the substrate. This is supported by experiments on electrostrictive actuators that have similar crack
densities and effective moduli to those shown in Fig. 4 (Begley et al., 2005). The vertical lines in Fig. 4 rep-
resent the cut-off values for each case where Eq. (11) becomes valid. To the right of the vertical lines, crack
densities are low enough such that Eq. (11) can be accurately applied. Beneath the cut-off values, adjacent
shear zones begin to interact and the modulus is nearly a linear function of the crack spacing. In this regime,
Eq. (14) should be used.
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The inset to Fig. 4 reveals that, in regimes where crack spacing is comparable to the film thickness, dif-
ferences on the order of 10% can arise for different combinations of film thickness and modulus. Unfortu-
nately, these differences are not a systematic function of the dimensionless parameters identified previously,
nor is an effective material/thickness combination obvious. Considering that in this regime, the shear trans-
fer zones span the entire crack spacing, and the spacing is comparable to the substrate thickness, this is
perhaps not surprising. In this regime, the deformation does not vary predominantly in the x-direction,
but in the y-direction as well. It is likely that the details of crack tip deformation play a more significant
role in these regimes.

4.2. Energy release rates for channeling crack formation

The steady-state energy release rate for isolated channeling cracks is shown to be a strong function of
elastic mismatch in Fig. 5. Whether or not a crack is influenced by its neighbors is a function of the dimen-
sionless combinations identified earlier. The results in Fig. 5 reflect scenarios where increasing the crack
spacing does not change the crack driving force. It is obvious that the results scale with 1/(1 � a), such that
enormous increases in crack driving force are possible for highly compliant substrates. A least-squares fit to
the data yields c � 0.22 in Eq. (15b). Two data points are included at a = 0.99; that from the present study,
and that from Beuth�s paper (1992). These points illustrate an important point: the energy release rate is
only independent of the stress in the substrate for sufficiently thin films, such that the film carries a negli-
gible contribution to the total load applied to the multi-layer. Our data point at a = 0.99 corresponds to a 1
lm polymer film with relatively low modulus (330 MPa) on top of a 63 lm thick elastomer (the last case
in Table 1). By comparison with Beuth�s result, it is clear that this thickness ratio cannot be regarded as
small—i.e. the substrate is not semi-infinite in our case. This is illustrated by the fact that Efhf=Eshs � 3.
Beuth determined the thickness of the substrate such that it did not affect his result. He does not explicitly
state layer dimensions, hence the question mark in the labeling of Fig. 5. Thus, the discrepancy is probably
a result of different dimensions in the model. A more recent study by Huang et al. (2003) also reports values
that are slightly larger than Beuth�s results.
Fig. 5. Energy release rate for isolated cracks as a function of large material mismatch.



Fig. 6. Energy release rate for channeling crack formation as function of crack spacing.
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To provide a physical context for the magnitudes of energy release rate shown in Fig. 5, consider a 100
nm thick film amorphous silica film on top of a semi-infinite substrate strained to 0.2%. The energy release
rate for an isolated crack in an amorphous silica film on an aluminum substrate is G � 0.063 J/m2
(G=Efe2hf ¼ 1.976, e.g. Beuth, 1992). The energy release rate for the film on top of a glass polymer is
G � 1.28 J/m2 (G=Efe2hf � 40). The same film on a poly(dimethyl siloxane) (PDMS)-based elastomer is
G � 320 J/m2 (G=Efe2hf ¼ 10; 000). Thus, sub-micron films are not likely to crack due to thermal expansion
mismatch when deposited on substrates with similar elastic properties (unless they have exceedingly low
toughness values), and upon mechanical loading the substrates are susceptible to failure before film crack-
ing. Hence, compliant substrates may prove useful in film toughness measurements on films with thickness
less than �1 lm.
Fig. 6 shows the energy release rate for several different material combinations as a function of normal-

ized crack spacing. The energy release rate has been normalized by the isolated crack result, i.e. the results
from Fig. 5. The theoretical form given as Eq. (19) is also shown in Fig. 6; taking c = 0.22 produces the
solid line shown in the figure. Thus, a single fitting constant yields the correct dependence on crack spacing
(Eq. (19a)) and elastic mismatch (Eq. (19b)). The inset to Fig. 6 shows the behavior for large crack densities.
Using c = 0.22 yields results that are less accurate for small crack densities (with increasing error for
decreasing elastic mismatch), but highly accurate for very large crack densities.
5. Discussion of the electro-mechanical performance of actuators with cracked electrodes

In an ideal system, electrostrictive actuators are fabricated using highly compliant electrodes separated
by a highly compliant substrate, thus maximizing the actuation strain. There are materials and techniques
available that can be used to produce more compliant electrodes than metal films, such as conductive car-
bon grease. However, these pose significant fabrication and reliability challenges (Pelrine et al., 1998). Here,
we consider the possibility of introducing cracks in a blanket conductive layer to reduce the effective
in-plane modulus, and thus increase the actuation strain. The previous results can be used to evaluate
the performance of these actuators.
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We consider the following scenario: a cracked multi-layer initially has equally distributed charge across
all cracked islands (see Fig. 1), which creates an electric field transverse to the multi-layer, Ea. When the
charge is equally distributed, the electric field across the cracks is zero. A voltage increment, DVa, is then
applied to the island(s) with an electrical lead attached; prior to breakdown across neighboring cracks, an
electric field is generated across the cracks equal to DVa/2d.
Two questions are of immediate interest: (1) What is the minimum voltage increment that must be applied

to the configuration shown in Fig. 1, such that breakdown across the cracks and charge is distributed across
the islands? (2) What is the maximum voltage increment that can be applied to the multi-layer, before the
resulting actuation strain prevents breakdown between the crack surfaces? Since the modulus of the cracked
layer is known as a function of crack spacing, one can determine the required crack spacing for operation.
Breakdown occurs across the cracks when DVa/2d > Eb, where Eb is the breakdown electric field in air.

Noting that the increment in electric field applied to the actuator is given by DEa = DVa/2hs, the breakdown
condition for the cracks can be written in terms of the increment in electric field applied to the actuator:
DEa

Eb
P

d
hs
. ð21Þ
The total axial strain in the multi-layer is the superposition of those due to an external applied load, ra, and
the applied electric field:
e ¼ j0jðEa þ DEaÞ2

4Es
þ ra

Ec
; ð22Þ
where j0 = 8.854 · 10�12 F/m is the permittivity of free space, j is the electric constant of the dielectric and
ra is the average applied stress. Using Eq. (17), one obtains the following condition needed to transmit
charge across the cracked layers:
DEa

Eb
P 0.2

hfEf
hsE0

� �
ra

Es
þ j0jðEa þ DEaÞ2

4Es

Ec

Es

 !
. ð23Þ
There are two limits to this equation: the first represents the minimum applied electric field required to
maintain conductivity, while the second corresponds to the maximum applied electric field where conduc-
tivity is lost.
In exploring solutions to Eq. (23), it is convenient to introduce the parameters em ¼ ra=Ec and

eb � j0jE2b=2Es; these represent the applied mechanical strain, and the electrostatically induced strain when
the applied field equals the breakdown field of the cracks, respectively. The applied electric field (and incre-
ment) are normalized by the breakdown field, such that: DbEa � DEa=Eb and bEa � Ea=Eb. In terms of these
parameters, Eq. (23) yield the following solutions:
DbEa ¼
1� 0.4 hsEf

hfE0

� 

Ec

Es

� 
bEaeb
� 


�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0.8eb hsEf

hfE0

� 

Ec

Es

� 
 bEa þ 0.2 hsEf
hfE0

� 

em

� 
r
0.4 hsEf

hfE0

� 

Ec

Es

� 

eb

. ð24Þ
When the breakdown field across the cracks is Eb < 7.5 MV/m (a typical value for air is �3 MV/m for
crack openings large enough to ignore Paschen�s effect, wherein the breakdown voltage is gap-dependent),
eb < 0.001. Expansion of Eq. (24) for small values of eb simplifies the results considerably. In this case, the
minimum increment in applied electric field that will lead to breakdown across the cracks is
DbEa;min ¼ 0.2
hfEf
hsE0

� �
ra

Es
þ Ec

Es

j0jðEaÞ2

4Es

 !" #
. ð25Þ
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The same result is obtained directly from Eq. (23) if one assumes DEa � Ea. The minimum required incre-
ment in the applied electric field increases with applied voltage and applied stress, since both act to open the
cracks. Note that in terms of the average stress applied to the layer, the crack spacing does not play a role;
however, in terms of a mechanical strain applied to the multi-layer, the crack spacing plays role since
ra ¼ Ecem. In either case, the minimum applied electric field increment that will distribute charge increases
with increasing crack spacing.
The maximum increment that can be applied before the actuator strain is large enough to prevent break-

down across the cracks is
DbEa;max ¼ 10
Es
Ec

hsE0
hfEf

� �
Es

j0jðEbÞ2

 !
� 2bEa. ð26Þ
For realistic breakdown fields across the cracks, breakdown through the dielectric occurs for parameters
that imply the second term is negligible compared to the first term. Thus, as the necessary breakdown field
across the cracks increases, the maximum allowable applied electric field decreases. Similarly, as the effec-
tive modulus of the cracked multi-layer increases (e.g. via increasing crack spacing), the maximum allow-
able voltage decreases because crack openings get larger. Put another way, as the required breakdown field
over the cracks becomes larger or the modulus of the crack layers increases, electrical performance is gov-
erned by a loss of charge distribution in the electrodes.
It should be emphasized that these results, together with Eqs. (13) and (14) can be used to determine

the maximum allowable crack spacing that will maintain functionality. Eq. (26) is a function of crack
spacing, when one considers that ra ¼ Ecem � Ece. Thus, for a given applied strain, increases in crack
spacing (which lead to increases in modulus) lead to an increase in the minimum operating voltage
and a decrease in the maximum operating voltage. The ideal situation is a heavily cracked film, which
leads to smaller crack openings. Generally speaking, neither limit is particularly worrisome (particularly
the upper limit). The operating electric fields for electrostatic actuators are generally much larger than
breakdown field for a cracked film; the crack openings are so small that breakdown easily occurs over
the cracks.
To illustrate this, consider the gold/silicone multi-layers described by Begley et al. (2005). The dimen-

sions of the multi-layer are given as Case 1 in Table 1. A multi-layer such as that shown in Fig. 1 is clamped
around the outer edges and loaded with a large spherical indenter (with radius comparable to the span) in
the direction transverse to the multi-layer. The electrically induced in-plane strain enables one to control the
transverse stiffness of the membrane. The dimensions and properties are such that the first term in paren-
thesis on the right hand side of Eq. (25) is approximately unity. Maximum strains (including both inden-
tation strains and electrically-induced strains) were on the order of 10%. Mechanical measurements
revealed Ec � ð1� 5ÞEs (for crack spacing in the range L � (0.1 � 1)hs).
Using the results presented in this section, the theoretical minimum increment in applied actuator field

necessary to distribute charge across the cracks under maximum indentation load is DEa � 0.3Eb � 3 · 105
V/m. This implies that breakdown between the crack faces occurs (for a 128 lm thick dielectric) at applied
voltage increments of �40 V—assuming a breakdown field in air of Eb = 1 MV/m. Paschen�s effect implies
that the breakdown across the cracks may increase for micron-scale crack openings. However, this effect (or
the presence of a different material inside the cracks that has a higher dielectric constant) would increase the
breakdown voltage by less than an order of magnitude for micron-scale crack openings. Much larger oper-
ating voltages (�1 kV) are required to generate meaningful actuation strains, and hence, charge distributes
in the cracked film throughout the entire indentation experiment. The required operating voltages are much
larger than the breakdown voltage across the cracks, because the crack openings are much smaller than the
dielectric thickness.
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6. Concluding remarks

The present analysis should prove useful in estimating the mechanical performance of thin stiff layers on
highly compliant substrates, both in terms of stress–strain response and the likelihood of crack formation.
A key result is that the steady-state energy release rate for channeling cracks scales with 1/(1 � a), such that
seemingly insignificant differences in elastic mismatch can have an enormous influence crack formation.
Two key implications of the present analyses are that heavily cracked multi-layers still can exhibit stiffness
much larger than the substrate, and that dielectric breakdown over the cracks is likely. With regards to elec-
tro-mechanical actuators, increasing the crack density improves performance by increasing the likelihood
of charge distribution for a given applied electric field.
It should be emphasized that the preceding discussions are based upon the assumption that thickness of

the stiff, conductive layer is far smaller than the dielectric thickness. The key element of the linear analysis
presented here is that the crack openings scale with the electrode thickness; this implies that the breakdown
field for the cracks is much smaller than the applied electric fields required for significant actuation strains.
Naturally, adopting a non-linear material description for elastomers and considering large strains will nar-
row the range of acceptable applied fields. However, when the conductive films are sufficiently thin, and
moderately cracked, the minimum and maximum applied electric fields are orders of magnitude different
from typical operating values. It is unlikely that the increase in crack opening displacements due to non-
linear behavior larger strains will prevent operation at small strains.
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